Abstract. In this paper, the method of images is used to
Introduction
This paper is devoted to the analysis of magnetic field of square loops enclosed with high-permeability material. Systems like this can be found inside shielded exposure equipment for biological experiments [21] , inside passive shielded rooms with MRI equipment [13] , or inside shielded electronic equipment to protect it from external fields [1] . As shown in [21] , the -metal box can be used to enlarge the volume of uniform magnetic field inside the system of four coaxial square coils.
The paper is organized as follows. In Section 1 we provide formulation of the problem, describe our model as well as magnetic field calculation which is based on the method of current images. In Section 2, we extend our considerations to the system of two coaxial loops in the presence of magnetic enclosure. In this section we consider Helmholtz coils as an important special case. In Section 3, we provide the concluding remarks and some possible extensions of the presented results. The expressions used in the calculations of the magnetic flux density vector of the original and all image loops are provided in Appendix.
Formulation of the problem
Here we consider the effect of enclosure made of highpermeability material on the magnetic field of the square loop. The geometry of the problem is presented in Fig. 1 . We assume that the loop is made of a conductor of zero radius. In order to simplify the analysis, we further assume that the walls of the enclosure are infinitely thick. As shown in [18] , the effects of finite thickness of the walls of magnetic materials is more pronounced if the relative permeability is less than 100 (e.g. for some soft ferrites).  is enclosed with high-permeability material (region
To be more precise, region 0  is hole inside the infinite block of highpermeability material. The shape of the hole is the cube with side dimensions equal to d and center at the origin. The coordinates of the center of the loop are
The sides of the loop are either parallel or orthogonal to the sides of the cube. In our model, the permeability of the magnetic material is constant and equal to . Conductivity of both media is equal to zero.
In order to take into account the influence of the enclosure on the magnetic field, the method of current images is used. It is well known that the method of images is powerful tool when the geometry of boundaries is simple. According to the method of images, magnetic flux density can be calculated by introducing the image loops (see e.g. [11, 22] ). The positions and the currents of the image loops ensure proper boundary conditions at all interfaces between the two media. The method of images enables calculation of the magnetic field in all regions except inside the conductor of the loop.
According to the method of images, the magnetic field in region 0  can be determined by removing magnetic material and introducing an infinite set of the image loops. In what follows, the th n layer of images ( 1) n  refers to the set of all images which are located between two concentric cubes with centers at the origin and side dimensions (2 1) nd  and (2 1) . nd  Accordingly, the images in the first layer are located between the cubes of side dimensions d and 3, d the images in the second layer are located between the cubes of side dimensions 3d and 5, d etc. The number of the images in the th n layer is equal to 
The centers and the currents of the image loops in the th n layer can be obtained as 
The positive value of the current in the image loop means that its direction is the same as in the original loop. Contrary, the negative value corresponds to the current in opposite direction. The axis of each image loop is parallel to the axis of the original loop. According to (2)-(3), 3-tuple ( , , )
x y z n n n completely describes the image. The order of the layer to which the image loop belongs can be determined from (4). Moreover, the centers of all image loops in the th n layer can be generated by using the following procedure i) ,
nn  Let us consider the first layer ( 1) n  of the images. For 1, n  first step of the above procedure reads: 1, Finally, the third step 1 1,
n  generates the last two images in Table 1 . The coordinates of the center of each image loop are calculated from (2) . The current in each image loop is obtained from (3). C n n n ( , , )
The positions of the centers of all image loops in the first layer are shown in Fig. 2 . The numbers in the squares correspond to the numbers of the images in Table 1 . Numerical values used in this example are 0.5m
The center (0,0, ) h of the original loop (source loop) is marked with downward triangle dot. In order to improve the clarity of the figure, the centers that belong to the planes 0.7m, In the following example, we compare the magnetic flux density of the square loop with and without enclosure (Fig. 3a) .
Moreover, we compare the calculated values of the magnetic flux density of the enclosed square loop by taking into account only the first (Fig. 3b) , and both the first and the second layer of the images (Fig. 3c)  Since the air is linear medium, and currents in all image loops are linearly proportional to the current in the original loop (see (3)), it follows that resultant magnetic flux density is also linearly proportional to the current in the original loop. Therefore, the presented results can be easily scaled up or down for arbitrary current. 
(b) with enclosure by taking into account only the first layer of images and (c) with enclosure by taking into account both the first and the second layer of images
According to the definition of the layer of images, the distance between the original loop and the layer increases with increasing order of the layer. Moreover, the number of images in the layer also increases with the order of the layer. Thus, it is not obvious that the magnetic field of the higher order layers is significantly weaker than the magnetic field of lower order layers. However, comparing Figs. 3b and 3c it follows that the effect of the second layer of images on the magnetic flux density is very weak. We also investigated the impact of the layers up to sixth order. Our numerical experiments showed that higher order layers (3 6 ) n  can be completely neglected in the magnetic flux density calculations, because they produce very weak field in comparison to the field of the original loop. We also conclude that in calculations only the first layer of images should be included. We arrived to the same conclusion for the other values of 0.5.
 

Case study: system of two coaxial square loops
The exposure systems for bio-magnetic experiments in in vitro studies are usually based on systems of coaxial coils connected in series and enclosed with high-conductivity and/or highpermeability material (see e.g. [14, 21] ). The enclosure represents either commercial incubator or it serves as a shield from the background fields.
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In this section we extend our analysis to the system of two loops enclosed with high-permeability material. The loops are assumed to be identical, coaxial and parallel. As an important special case we consider square Helmholtz coils. We investigate the effect of the enclosure and variation of the length of the sides of the coil (relative to the length of the edges of the enclosure) on magnetic field and its uniformity.
The geometry of two identical square loops having common axis and enclosed with high-permeability material is presented in Fig. 4 . The coils are located at planes zh  and . zh  All other data are the same as in the previous section (Fig. 1) .
Fig. 4. System of two coaxial and parallel square loops enclosed with high-permeability material
Helmholtz coils with enclosure
Helmholtz coils are widely used to generate uniform magnetic field needed for bio-magnetic experiments (e.g. [14] ), for the testing of equipment (e.g. [16, 23] ), as well as for calibration of magnetic field sensors (e.g. [5, 10] ). In all mentioned applications, it is of significance to obtain as large as possible volume of the uniform field.
General analysis of the magnetic field in Helmholtz coils and its uniformity in the absence of magnetic materials are well known, e.g. [6, 8, 9, 20] ). Analysis of sensitivity of Helmholtz coils on imperfections of design parameters are conducted in a number of papers, see e.g. [2-4, 7, 17] .
According to our best knowledge, this is the first consideration of the uniformity of magnetic field inside square Helmholtz coils enclosed with high-permeability material. In this subsection it is shown that the volume of uniform magnetic field may increase in the presence of the enclosure.
As an example we calculate magnetic flux density of square Helmholtz coils in the air (Fig. 5a) , and with the enclosure by taking into account only the first layer of images (Fig. 5b)   It is easy to observe that the magnetic flux density around the center of the system is increased in the presence of the enclosure and at the same time, the volume of high uniformity of magnetic field is enlarged. In this example we also found that the effects of the second layer are weak and that the effects of the layers of order higher than two can be completely neglected. The magnetic field non-uniformity u within the system of the loops (expressed as a percentage) can be defined as [2] 
where 0 B denotes the magnetic flux density at the center of the system (which for the coordinate system adopted in this paper coincides with the origin) and ( , , ) B x y z denotes magnetic flux density at point ( , , ) .
x y z Due to the symmetry of the system, magnetic flux density has only z-component on z-axis (axis of the system). According to the definition (5), the value 0 u  corresponds to uniform field and low values of u indicate low level of field non-uniformity. For most bio-magnetic experiments magnetic field non-uniformities of less than 10% or 5% are acceptable [15] . Very rare, non-uniformity of less than 1% is required. The lines in Fig. 6 represent the contours of 1%, 2%, 5% and 10% of non-uniformity of the magnetic field at the plane 0. y  Furthermore, we analyze non-uniformity of the magnetic field at the planes 0, z  0.1m, z  and 0.15m. z  Contour lines of 1%, 2%, 5% and 10% of non-uniformity are presented in Fig. 7 , Fig. 8 and Fig. 9 Boundaries of the volume within 5% and 10% of nonuniformity inside Helmholtz coils with and without enclosure are summarized in Table 2 . According to for Helmholtz coils with and without enclosure, respectively. Consequently, the volume of the uniform field is significantly enlarged in the presence of the enclosure. 
Conclusion
In this paper we analyze magnetic field of the square loop enclosed with a high-permeability material having infinitely thick walls. Closed form expressions for the positions and centers of an infinite set of the images are provided. The images are grouped into the subsets, so-called layers of images. The contribution of the layers to the magnetic field is investigated numerically. It is shown that the impact of the second layer is very weak, and the impact of the layers of the order higher than two can be completely neglected, providing that 0.5
 
(corresponding to 0 3 ).
 
In calculations of magnetic field only contributions of the images in the first layer should be included. In Section 2 we consider the system of two coaxial and parallel identical square coils enclosed with high-permeability material with infinitely thick walls. Square Helmholtz coils, as an important special case, are considered in detail. We show that the volume of the uniform magnetic field inside the Helmholtz coils can be significantly increased in the presence of the enclosure. A possible application of these results is in the design of exposure system for in-vitro bio-magnetic experiments based on Helmholtz coils. Such system is usually placed inside the commercial incubator with heating elements, which produce magnetic field. Apart from shielding this field, the box made of high-permeability material can be used to enlarge the volume of uniform magnetic field inside the Helmholtz coils.
In this paper, we assume that the walls of the enclosure are infinitely thick, and made of material having constant permeability and zero conductivity. These conditions can be approximately fulfilled by using ferrite with relative permeability higher than 100 [18] , providing that the saturation is avoided. Moreover, before the practical realization, the sensitivity of the magnetic field uniformity on the imperfections of the dimensions of the coils and their positions inside the box should be analyzed.
The presented work might be easily extended to include considerations of the systems of three or more coaxial and parallel square coils enclosed with high-permeability material. In future work we will also consider the enclosed systems of coaxial and parallel circular coils.
